We use linked cluster series expansion methods to estimate the values of various short distance correlation functions in S = 1/2 Heisenberg antiferromagnets at T = 0, for dimension d = 1, 2, 3. The method incorporates the possibility of spontaneous symmetry breaking, which is manifest in d = 2, 3.
I. INTRODUCTION
This paper deals with the problem of calculating correlation functions, at T = 0, for the S = 1/2 Heisenberg antiferromagnet
where the sum is over all nearest neighbor pairs. We consider explicitly the linear chain 
where the average is a ground state expectation value, r is the distance between sites in units of the lattice parameter, and the factor 4 is included for convenience. It is also convenient to separate the correlator into a longitudinal part C l (r) and a transverse part C t (r) 
as we shall do, or if the ground state of the isotropic Hamiltonian exhibits spontaneous symmetry breaking. We shall see that this occurs in dimension d > 1.
The correlators characterize the nature of the ground state of the system, and hence an accurate knowledge of their values can be important for testing approximate analytic theories. Surprisingly, apart from the 1-d case, knowledge of their values is limited.
We use the method of linked cluster expansions in which the Hamiltonian is written as
with the Ising part taken as the unperturbed Hamiltonian and the remainder as a perturbation. To improve the convergence of the series, we also include a local staggered field term
in H 0 , and subtract it from V , and adjust the strength t to get best convergence in the series. The basic idea of the method has been discussed before [1, 2] so we only give brief details here. To compute series for C(r) in powers of λ we add a field term to H
compute the ground state energy in the form
and hence extract series in λ for C(r). For the longitudinal correlator the field term is
Examples are give in the following sections.
Two important questions are not addressed in this work:
(i) the behaviour of correlators at large distances, and the asymptotic behaviour and associated critical exponents.
(ii) correlators at finite temperature.
II. THE 1-DIMENSIONAL CASE
The S = 1 2
antiferromagnetic Heisenberg chain is exactly solvable by the Bethe ansatz [3, 4] , and the ground state energy and elementary excitations are given by simple analytic expressions. However the wavefunction is sufficiently complex that little exact information is available on correlators. In fact only the first two are known exactly, and are
The first result comes from the ground state energy [5] , while the second is obtained [6] via the strong coupling limit of the Hubbard model. There is no spontaneous symmetry break-ing in the ground state of the isotropic spin chain, and hence longitudinal and transverse correlators are equal, and obtainable directly from (2).
The first serious attempts to obtain further results for the antiferromagnetic chain were by Bonner and Fisher [7] , who used exact diagonalizations for systems up to N = 10 spins, and by Kaplan and co-workers [8] who extended this to N = 18. These results suffer from large finite-size effects, and need to be extrapolated to the therodynamic limit via a finitesize scaling ansatz. In this way Kaplan et al. estimated the value of correlators up to 8th neighbors, with confidence limits of about 1% in C (8) . We show these values in Table I .
Subsequently Lin and Campell [9] extended the exact diagonalizations to N = 30. By use of the empirical scaling relation
with f (y) = [1 + 0.28822 sinh 2 (1.673y)]
1.75 (10) they estimated correlators up to r = 15, i.e. 15th neighbors. However the accuracy of this scaling is perhaps doubtful since it is known that there are logarithmic terms which slow convergence [10] .
The development of the Density Matrix Renormalization Group (DMRG) method [11] allows much longer chains to be treated with high numerical accuracy. Hallberg et al. [12] have used DMRG to compute correlators for Heisenberg chains up to N = 70 spins, with a scaling function similar to (9) used to extrapolate to the thermodynamic limit. The data were shown to be consistent with the asymptotic behaviour
predicted by field theory [10] .
We have described the series method briefly in the Introduction. Using this approach we have computed expansions in λ, for both the total and longitudinal correlators for distances r = 1, 2, · · · , 10. The maximum order is λ 24 for r = 1 and λ 16 for r = 10. We note that the longitudinal correlators, and the total correlators for r even, contain only even powers of λ. We also note that the series are rather erratic, both in sign and magnitude of the coefficients. This had already been noted by Walker [13] who expanded the ground state energy, and hence C(1), to order λ 14 . Rather than quote all series here we will make them available to any reader on request. Table II shows the coefficients for the series for C(4), C l (4) and C t (4). We note that, as expected, the series for the transverse correlator C t (r) starts with a term λ r .
The series have been evaluated for fixed λ by means of integrated differential approximants [14] , and the values of correlators for r = 1, 2, · · · , 6 are shown in Figure 1 We should mention here also the work of Singh et al. [15] who used exactly the same method as ours to compute the structure factors
and
for the S = antiferromagnetic chain. Our correlator series, when summed, agree with their results.
III. THE 2-DIMENSIONAL CASE
There has been much interest, in recent years, in the nature of the ground state of the Heisenberg antiferromagnet on the square lattice. There is considerable evidence, from exact diagonalizations [16] [17] [18] and quantum Monte Carlo calculations [19] [20] [21] that the ground state breaks rotational symmetry, giving rise to a staggered magnetization in some direction. This is generally referred to as a quantum Néel state, with Néel type order reduced to approx.
60% of its classical value by quantum fluctuations. The situation is summarized in recent reviews [22, 23] . The focus has generally been on the ground state energy and staggered magnetization, although some short range correlators have also been computed.
In any finite system there can be no spontaneous symmetry breaking and hence the exact diagonalization and Monte Carlo studies cannot distinguish between the longitudinal and transverse correlators for the isotropic case. Furthermore if C l or C t are computed by these methods the values will not yield correct results for the thermodynamic limit, where
Other approaches, such as spin wave (SW) theory [24] [25] [26] [27] , variational methods [28] , or perturbation series about the Ising limit [27, 29] start from a broken symmetry state, which is preserved during the calculation. It seems highly likely, although we know of no proof, that these approaches will yield the correct symmetry-broken state of the infinite isotropic system.
We have computed series expansions for a number of local correlators for the square
antiferromagnet. The expansions start from the Ising limit and are carried through order 14,9,9,9,7 for C(r), C l (r) with r = (0, 1), (1,1), (2,0), (3,0), (4,0) The series coefficients (for t = 0) are given Table III .
In analysing the series it is advantageous to transform to a new variable
to remove the singularity at λ = 1. Spin wave theory predicts a square root singularity of this type. This transformation was first proposed by Huse [30] and was also used in earlier work on the square lattice case [27] . We then use both integrated first-order inhomogeneous differential approximants [14] and Padé approximants to extrapolate the series to the isotropic point δ = 1 (λ = 1). The results are shown as functions of λ in Figure 2 for r=(1,0), (1,1). We also show the transverse correlator, obtained from Eq. 3b. In the Ising limit the total and longitudinal correlators are equal and the transverse correlator is zero.
As we increase the transverse coupling, the longitudinal correlators decrease in magnitude while, as expected, the transverse correlators increase, while the total correlator increases in magnitude for nearest neighbors, but is reduced for second neighbors. The behaviour of further correlators is similar, and is not shown. It is also noteworthy that at λ = 1 the longitudinal and transverse correlators remain unequal, reflecting the symmetry broken ground state. In Fig. 3 we show a comparison between our series results and other methods for the nearest neighbor correlators. For small λ all methods are in close agreement, but near the isotropic point linear spin wave theory become poor for longitudinal (and transverse)
correlators, whereas exact finite lattice diagonalizations have longitudinal and transverse correlators equal at λ = 1. Third order spin-wave theory is much better, being almost indistinguishable from the series results over the whole range of λ.
In Table IV we give numerical estimates of all the correlators at the isotropic point, obtained by our series method and by exact diagonalization/Monte Carlo on finite lattices [17, 20] and linear spin wave theory [6] . We believe that the expressions in Ref. [6] contain minor errors, and should read, for 0 and r on the same sublattice
while for 0 and r on different sublattices:
where the notation is as in Ref. [6] , and λ is the anisotropy parameter.
We note from Eqn. 15 and 16 and Table IV that first order spin-wave theory gives a longitudinal correlator which is independent of distance, clearly an artifact of the approximation. The total correlator is however very consistent with the series results. The picture is considerably improved in higher order spin-wave theory where, for example, 3rd order spin wave theory [27] gives 3-figure agreement with series for all of C, C l and C t for nearest neighbors. We have not attempted to carry this out for further neighbors, and are unaware of any work along these lines.
IV. THE 3-DIMENSIONAL CASE
We have used the same series approach to calculate correlators for the S = antiferromagnet on the simple cubic lattice. The magnetically ordered ground state will again be reflected in a difference between longitudinal and transverse correlators at the isotropic limit.
Expansions, starting from the Ising limit, have been obtained for C(r), C l (r) for the five cases r =(1,0,0), (1,1,0), (2,0,0), (3,0,0), (4,0,0) to order 12,7,9,7,7 respectively. We have again used a staggered field term t i (−1) i S z i to improve convergence. The series coefficients (for t = 0) are given in Table V . The series is extrapolated in a similar way as that for the square lattice. Figure 4 shows the nearest and next-nearest neighbor correlators as functions of the anisotropy parameters. This is qualitatively similar to Figure 2 , but clearly shows that in 3-dimensions transverse correlators are reduced and the difference between transverse and longitudinal correlators is increased for all values of the anisotropy parameter.
In Table VI we give numerical estimates of all correlators at the isotropic point, and a comparison with 1st order spin-wave theory. It is apparent that the correlators fall off more slowly with distance than in the 2-dimensional case, reflecting the greater stability of antiferromagnetic long-range order in the ground state in 3-dimensions. It is also apparent that the transverse correlators are, relatively, much weaker in 3-dimensions, consistent with weaker quantum fluctuations. Linear spin-wave theory gives reasonable results for the total correlators, but again suffers from the defect of having longitudinal correlators independent of distance. Third-order spin-wave theory gives results for nearest neighbor correlators in excellent agreement with the series results.
V. CONCLUSIONS
We have used series methods to obtain numerical estimates for short-distance ground state correlation functions for the S = We have shown that first-order spin wave theory gives rather poor estimates but 2nd and 3 rd order spin wave theory gives excellent agreement with series results for nearest-neighbor correlators. Higher order spin wave results have not been obtained for further correlators, to our knowledge.
As a test of the method we also computed correlation series for the 1-dimensional case.
The results were quantitatively accurate, but less precise than the DMRG method.
This approach can also be used to calculate correlators for more complex models involving competing interactions. For example, we have studied the J 1 − J 2 model [31] , which has a quantum critical point at J 2 /J 1 ≃ 0.38, where the Néel order is destroyed and the system enters a magnetically disordered spin-liquid phase. We find that the difference between longitudinal and transverse correlators remains nonzero in the Neél phase, but vanishes at the quantum critical point, indicating a restoration of full rotational symmetry in the ground state at that point. We expect this method to prove useful in other problems of this type. give the total correlator C(r), the dashed lines give 3C l (r). Curves for different r are labelled at the right hand edge. The circles at λ = 1 are the values from the finite-lattice calculations [8] .
Note that at the isotropic point λ = 1 the longitudinal and transverse correlator are equal. 
